
 KiihlerDifferentiarts
Let f A B be a ring homomorphism

Def An Aderivation of B into a Bmodule M is a mapdB M s1
L dbabe db dba
2 dibb bdb b'db
3 da o taek

There is a universal differential d B diva into the module of Kohler differentials
For various constructions and details see Hartshorne or EGA

Someproperties
If B is a fog Aalgebra then Riga is fg as a B module
If we base change
B BENT
p l R'Bya RiyaBB
A A

If SCB is a multiplicative subset then A B s B gives r's iya 5 s 5Bgrtxa
If B m is local and A Blm afield then thefiber

r Blue Yui
the Zariski cotangent space at m
If ICB is an ideal and C Bls then we get an exact sequence of Cmodules

412 riya Bc R'ya o
Thin8Ga Hartshorne If 4k is a fieldextension then dimn'yn Etrdeg 4h with
equality if 4k is separably generated Soif Lik no Ayn o 4k is separable

Prop8.3AHartshorne If A B C we get an exact sequence of Cmodules
Nisha BC R'ya rig o

Prop8.11 Hartshorne If X to Z a morphism of schemes we get an exact
sequence of Ox modules f Rya ex z ex 0

Note that using the interplay with localizations arxx makes sense for any morphism
of schemes f X Y If f is locally of finitetype sexy is a coherent sheaf on X

IDI Amorphism Loft f y X is unramified if six O

One such example is surjective maps of rings A B thinkDvanishes on A and
hence all closed immersions are unramified Another is SpecL Speck where 4h is
finite this will be unramified if 4k is separable

PimpLet f X X be LOFT TEAE
1 f is unramified
2 HyeY fly we have m Oy my haveOx Oyy a Kxyucy is finite
and separable

3 v thefiner is a discrete space species nanny is finite
and separable

4 For any geometric point I f speckext x the geometric fiberXx is a disjoint
union 1 Specks

5 The diagonal y xxxx is an open embedding



mustdo no creditthough
Exercise A finitefield extension 4k is separable iH L nL has no nilpotents

Example A Fact B FpcPte Fps Then SpecB y X SpecA is ramified as
even though Y Xxxx is a closed immersion B aB B it is not an open
immersion Thekernel is Csxol I s and this element is nilpotent char p

Lemmy Let CB.in be local and A h a field Then risk 0 ilf m o CBis a field
and Blu is finite and separable

Proof Thu 8Coa of Hartshorne
D Assume n'Bae o We first show Krulldim13 0 Indeed suppose we had a
nonmaximal prime PCB Let S Bip Then 5R'Blu R'Bpm o Hence we have
K Bp B Bp type r's Bpkcp s R'upn o

o 0

Hence km h is a finite separable extension Yet trdeg KPK 0 and thisis a
contradiction Hence B is a local artinian ring If we show m o we are done
Since R.siu 0 kkerCBxOuB sB isn.ilpRunningthe same argument above Blm In is
finite a separable As a k vectorspace

B nB m m kcm m Kim hand

K consists of
l l elves

Hence Khe10 and this is a contradiction B

Proofofpropi
a b Let eX Basechange r y o kCx R'xxx Let yeX Then applythe lemur
with k kun B 0yy Then rlxxaioVx sriyy o 0yx.y is afinite separable fieldextensionof
kan

b sCc clear

c Cds Note if he is finite separable L KEEF and so LnE ELENA and f
splits into degYu linear distinct factors Hence ChineseRemainder gives L uE Eto E degYusummand
Applying this to our context gives the claim

d a Note kcxT m R'm r'y and A Ikat

a Ces Wemay replace Y species X speed and so we have

I B aB B

with NBA 4 WIS 4 2 0 A X Xxxx an open embedding Since A is alreadya
closed immersionnote

Imus zespecB aB I Iz EOz
O.ie Iz toc szeSupp BxoaB z



Now we use the fact that if 4 speed sped is a closedembedding with ideal sheaf
J then 9 is an open immersion Jz 0 or Cz Applying this to our case a
short argument shows the resultBa

Corollary If f X X is unramified and separated then B Y Xxxx is open andIclosed
Example
1 k kkk has risen to Indeed t CDer koku
A B

2 Spec 2747 in Spec27 Pick Cp cSpec27 Then Xcp SpecFeltman

Fpx Itp unramified if p Lmed4
uuranaified if p 3modelIffy yz ramified if p 2

3 Double cover specE x xD SpecGlx xD by x x Uuramified

IDefy fix X is e'tale if f is flat and unramified in particular Lott

Note this is really a pointwise condition on Y

Example
1 Spec2713131 41 Spec271427 as we are throwing away p z and so is flat
and unramified

2 The map is e'tale an example of a
nonseparated e'tale map monic

hDet A morphism Spece SpecA is standard e'tale if B Actupces and C Bb where
picts is invertible

Exercise Let f y X bee'tale Prove that locally on Yax f is standard That is Kiel
fly F affine opens yell xe U s1 flu v U is standard e'tale

Exercises Hartshorne Ex III 10.4 implies that f is e'tale at it f IX Ty
The above exercise shows that over E taking completions allowing holomorphic functions

As a remark the condition for f y X the conditions of being unrunified and of
being flat are open conditions

ExampliEtalecoordinatesystemi
Take X Speck n E a regular variety Take xeUcX and f fueOx forming a basis
for mxlm Now we can find an open subsetof u wtf fu u Ann regular taking
x o When we take completions Iano KICK 431 Is Klif fill Ex
Hence the map U Ann is locally e'tale around x and is the best approximation
to a neighborhood



IExerciseProveProp3.19 in EC
IExercise Hartshorne Ex III 10.6
Props
a An open immersion ise'tale
b Composition of e'tale maps is e'tale
c Any base change of an estate map is e'tale

ProofProp 3.3 in EC

Iconollary Consider morphisms Y 4 X t S If fog is e'tale and f unramified then
g is e'tale
ProofeConsider

g
P P s k d

Xxx X and the graph Pg is e'tale

I fg If Now take
y s

g X So Tg is the pullback of 1 and sinceis
y A is an open immersion so is TyXxsx X and thus is e'tale

Itt

I I s

v ve
y s
fg

B

ExerciseConsider morphisms y 8 X IS with fg a closed immersion and f
is separated Then g is closed immersion Use the above technique

Smooth.Ramified.andEIaleFunetI
DefA contravariant functor F Seth Sets is formally smooth Clisse resp
formally unramified net formally e'tale if for all X schemes X and any closed
X subscheme Xj X defined by a nilpotent ideal f xi FCK is surj
Jin's or bijective resp

A scheme DX is the above if try HomeC Y has the same property
If Mx is LOFT then Y X is smooth unramified e'tale if hy has the same formal
properties



IThinThese notions coincide with the classical ones

Thmts.zs.ir LetxocXbe a closed subscheme defined by a nilpotentideal Then there
is an equivalence of categories Eyx I Etyx

Exerei Provethis theorem understand a use 3.103.127

IProject Prove Prop 3.24 in EC


